Dedicated to the memory of our late friend and colleague Serguei Kozlov ABSTRACT. We consider the Laplace equation in a bounded domain consisting of a porous medium, a nonperforated domain and an interface between them. The homogeneous Dirichlet's condition is prescribed on the boundaries of the perforations. We suppose the porous medium having a periodic structure with a period " and consider the limit " ! 0. The e ective behaviors inside the porous medium and the nonperforated domain are obtained and in addition the boundary conditions to be imposed at the interface between two media are determined. Using the boundary layers describing interaction between two very di erent media we estimate the L 2 -norm of the di erence between the solution u " of the "-problem and the e ective behavior terms and show that it is bounded from above by C" 1 2 . Finally, we calculate the weak L 2 -limit of the renormalized function u " " 2 and weak M( )-limit of the renormalized r u " " 2 .
STATEMENT OF THE PROBLEM AND OF THE RESULTS

Introduction
The behavior of the solutions of boundary value problems for elliptic equations in perforated domains, as the characteristic size " of perforations tends to zero, has been studied in many papers and we refer to the monographs Bakhvalov et al 1], Lions 4] , Oleinik et al. 5] and Sanchez- Palencia 6] and to the references therein. However, the most of the literature ignores the study of the boundary e ects that occur near the boundary. The existing results concern the behavior in the neighbourhood of the closed at boundary and pioneering results and methods can be found in Lions 4] , pages 50-80. The detailed exposition of the results obtained during the last decade is inside the recent book Oleinik et al 5] .
On the contrary rigorous results concerning the e ective behavior of solutions to the partial di erential equations on the contact surfaces between the perforated domain and nonperforated one (or another perforated domain but with di erent geometrical structure) are nonexisting, at least in our knowledge. There are some results of that type for the di erential operators having di erent oscillating coe cients in two domains separated by a plane (see Bakhvalov et al. 1] , Chapter 9), but that situation is considerably simpler.
The main di culty comes from the appearance of the boundary layers in the neighbourhoods of the contact surfaces, with the gradient of a solution greatly di ering from the behavior inside the interiors of the domains.
The principal objective of this work is the systematic study of the e ective behavior of a solution u " to the problem ?4u " = F " in " ;
(1:1) u " = 0 on @ " ; (1:2) as " ! 0, where
" f in 1 (the nonperforated domain) ; f in 2 (the porous medium) (1: 3)
The problem (1.1)-(1.3) with = 0 arises in study of the e ective behavior of a porous, but conducting medium in an electric eld. In that situation we search the electric potential satisfying the Laplace equation and constant Dirichlet's boundary condition on the boundaries of the conductor. Another related model is a heating or cooling of a porous medium with a xed constant temperature on the surfaces of the pores. Similarily, we nd physical models corresponding to = 2.
Since the most interesting values of are = 0 and = 2 we restrict ourselves to the case 0, but in fact our convergence result is valid for > ? 1 2 with somewhat weaker order of convergence ( O(" +1=2 )).
Our main results are presented in the Section 1.3 for rectangular domain . The auxiliary and homogenized problems are introduced and studied and the main convergence theorems are stated. The sections 2.1-2.3 are devoted to the proofs of convergence theorems.
3
The nal section is an appendix collecting various results concerning the auxiliary problems, being necessary for the convergence proofs.
It should be noted that study of the problem (1.1)-(1.3) is one step towards homogenization of the Stokes system in a partially perforated domain. However, it is more complicated since the Stokes operator contains the pressure gradient.
The results on Laplace equation in a partially perforated domain but with Neumann type conditions instead of (1.2) can be found in the paper J ager et al. 2]. Let Y = Z n Z and let be the characteristic function of Y . We set " (x) = ( x " ); x 2 R n , and de ne " 2 by " 2 = fx j x 2 2 ; " (x) = 1g (the uid part of the porous medium). Furthermore, =]0; L n?1 f0g is the surface separating porous and nonperforated medium and " = 1 " 2 .
We study the problem (1:1) ? (1:3) with f 2 C 1 0 ( ) and f not being identically zero on .
Obviously, the problem (1:1) ? (1: 3) has a unique solution u " 2 H 1 0 ( " ) \ W 2;1 ( " ); 8" > 0.
We study the limit " ! 0 and in order to formulate the results corresponding to the di erent values of it is necessary to introduce the auxiliary problems connected with the periodic structure. The rst auxiliary problem corresponds to the study of u " in the interior of " 2 :
( ?4 y w = 1 in Y ; w = 0 on @Z ; w is Z-periodic (1:4)
The unique solvability of the problem (1.4) is well-known ( see e.g. Sanchez-Palencia 6] ). Furthermore C 1 -regularity of @Z implies C 1 loc (R n )-regularity of the solution w. We de ne w " (x) = w( x " ); x 2 " , and extend w " by zero to n " . Then we have kw " k L q ( ) = C; 8q 2 1; +1] such that e 0 jy n j r y i 2 L 2 (Z BL ) n ; e 0 jy n j i 2 ( 1 ) we easily establish C 1 -regularity ofṽ at the corner (0; 0). The C 1 -regularity at other corners is established analogously.
In particular, we have
(1:31)
The second auxiliary problem in 1 The third auxiliary problems in 1 is connected with values of derivatives of v on : 8 < :
?4V = 0 in 1 ; V = V (x) on ; V = 0 on @ 1 n . (1:36)
As above we get U 2 W k;q ( 1 ); 8k 2 N; 8q 2 1; +1 .
Now we state two simple results to be used as a basic tools inside our convergence proofs: Proposition 1.1. Let ' 2 H 1 ( " 2 ) such that ' = 0 on @ " 2 n 2 . Then we have k'k L 2 ( ) C" 1=2 kr x 'k L 2 ( " 2 ) n ; (1:37) k'k L 2 ( " 2 ) C"kr x 'k L 2 ( " 2 ) n ; 
Statements of the main results
The purpose of this section is to state our results on asymptotic behavior of u " as " ! 0, for 0. In order to investigate behavior of solutions of problems (1.1)-(1.2), as " ! 0, we need to extend u " to the whole . Let denotes the extension by zero to n " . It is 9 well known that extension by zero preserves the L 2 -norm and for z " 2 H 1 0 ( " ) we havẽ z " 2 H 1 0 ( " ) with the equal H 1 0 -norms. We meet some di culties in choosing the right scaling for u " . Our choice is to consider u " " 2 and motivation comes from the homogenization in porous medium with homogeneous Dirichlet's boundary conditions, since in the simpler situations boundary e ects enter as boundary layers, being exponentially small in the interior of " 2 .
It should be noted that we can derive the a priori estimates for u " . They are given in the following proposition. Proposition 1.3. Let u " 2 H 1 0 ( " ) be a solution of (1.1)-(1.2). Then we have kru " k L 2 ( ) n C" minf1; g ; (1:42) ku " k L 2 ( " 2 ) C" 1+minf1; g ; (1:43) ku " k L 2 ( 1 ) C" minf3=2; g :
(1:44)
We skip proof of proposition 1.3 ( being simple) because we are not going to use the estimates (1.42)-(1.44).
We expect our results to depend strongly on . For su ciently large it is reasonable to expect u " " 2 being dominated or at least balanced by its values in porous medium. In that sense we have theorem 1.1. The preceding theorem can be extended to yield the weak limits of renormalized u " " 2 . C" 1=2 ; (1:56) k u " " 2 ? f! " + w " gf ? " ?2 V " k L 2 ( " 2 ) C"; ?
where " i is de ned by (1.25)-(1.29), U i is de ned by (1.35),Ṽ ; U is de ned by (1.36) and other quantities are as in theorem 1.2.
It is interesting to calculate weak limit for = 0. We have Corollary 1.5. Let = 0 and let u " 2 H 1 0 ( " ) be a solution of (1.1)-(1.2). Then we havẽ u " 13 After recalling equations (1.30), (1.11) and (1.12) and transforming terms in divergence form we nd simpli ed form of (2. 
Consequently, for 3=2 we have kr' " k L 2 ( " ) n C
Using once more proposition 1.1 we obtain from (2.5) k' " k L 2 ( " 2 ) C" We have the following auxiliary result:
However " is not zero at @ 1 since V is taking some nonzero values at x n = L and x n = ?L. We should correct values of " at those parts of @ .
Using partition of unity we construct a function " such that 8 < :
" 2 C 1 ( );
" (x) = 1 for dist (x; @ ) d z " ; 0 " 1; j r " j C="; " (x) = 0 for dist (x; @ ) 2d z ". Lemma A4. Let ! 2 W be a solution of (1.10)-(1.13) and let C 0 be de ned by (A10).
Then 
